An (n, r)-arc in PG(2, q) is a set of n points such that each line contains at most r of the selected points. Arcs correspond to projective linear codes. Let mr(2, q) denote the maximal number n of points for which an (n, r)-arc in PG(2, q) exists. In this paper we obtain improved lower bounds on mr(2, q) by explicitly constructing arcs. Some of the constructed arcs correspond to optimal linear codes meeting the Griesmer bound. All results are obtained by integer linear programming.
Introduction
A linear [n, k, d] q code is a k-dimensional subspace of the n-dimensional row vector space GF(q) n over the finite field with q elements such that the minimal Hamming distance of two distinct codewords is exactly d.
A linear code is called projective if and only if any two columns of the generator matrix are pairwise linearly independent. [n, k, d] q code satisfy the Griesmer bound n ≥ k−1 i=0 ⌈d/q i ⌉.
Lemma 1 ([10]). The parameters of a linear
Definition 1. An (n, r)-arc in PG(2, q) is a set B of points in PG(2, q) such that each line in PG(2, q) contains at most r elements of B.
If we write the points of an arc as columns of a generator matrix we can define a projective linear code. Moreover, we obtain the following well-known result:
Theorem 1 ([3] ). An (n, r)-arc in PG(2, q) corresponds to a projective linear [n, 3, n − r] q code.
Definition 2. Let m r (2, q) denote the maximum number n such that an (n, r)-arc in PG(2, q) exists.
The values m r (2, q) for q ≤ 9 are exactly determined [2, 3] (see Table 1 ). In general it is hard to determine the exact value for m r (2, q) and in most cases only lower and upper bounds are known.
An approach to define a lower bound n ≤ m r (2, q) is the explicit construction of an (n, r)-arc in PG(2, q). Table 2 shows a table of lower bounds on m r (2, q) compiled from several sources [2, 3, 6, 7, 8, 9] .
In this work we give many improvements on m r (2, q) indicated by the boldface numbers in this table.
Furthermore, all underlined entries define (n, r)-arcs in PG(2, q) corresponding to new projective linear [n, 3, n−r] q codes whose parameters meet the Griesmer bound-they are optimal.
The bounds on m 26 (2, 27) and m 29 (2, 31) are based on our own computations since we have not found values on the literature.
Construction approach
We describe the construction approach of arcs with prescribed group of linear automorphisms using integer linear programming. Let G(3, i, q) denote the set of i-dimensional subspaces of the 3-dimensional row vector space GF(q) 3 . We have:
Now an (n, r)-arc is a set B ⊆ G(3, 1, q) such that for all H ∈ G(3, 2, q) the following inequality holds:
We define the (q 2 + q + 1) × (q 2 + q + 1) incidence matrix A = (a H,P ) whose rows are indexed by the set G(3, 2, q) and whose columns are indexed by for all H ∈ G(3, 2, q) and P ∈ G(3, 1, q).
Rewriting the definition on an (n, r)-arc in PG(2, q) by means of the incidence matrix A we obtain the following trivial result, where j denotes the all-one-column vector:
Hence the determination of m r (2, q) corresponds to the following integer linear programming problem.
Corollary 2. For the bounds on the cardinality of arcs holds:
An element g ∈ GL(3, q) which is a non-singular 3 × 3 matrix acts on a subspace T ∈ G(3, i, q) by
which yields again a subspace of the same dimension i. For a subgroup S ≤ GL(3, q) the orbit on T is defined by
The set of orbits of S on G(3, i, q) is denoted by G(3, i, q)/S. In particular, we obtain
Definition 3. An (n, r)-arc B in PG(2, q) admits a subgroup S ≤ GL(3, q) as a group of linear automorphisms if and only if B is a collection of orbits of S on G(3, 1, q).
For S ∈ GL(3, q) we define the S-incidence matrix A S = (a H S ,P S ) of size | G(3, 2, q)/S| × | G(3, 1, q)/S| whose rows are indexed by the orbits G(3, 2, q)/S and whose columns are indexed by G(3, 1, q)/S with entries
for all orbits H S ∈ G(3, 2, q)/S and P S ∈ G(3, 1, q)/S. Furthermore, we define the vector w = (. . . , w P S , . . .)
T whose components are indexed by the orbits G(3, 1, q)/S with entries
Let m S r (2, q) denote the maximum number n such that an (n, r)-arc in PG(2, q) admitting S ≤ GL(3, q) as a group of linear automorphisms exists.
Obviously for all S ≤ GL(3, q) the value m S r (2, q) defines a lower bound for m r (2, q). Furthermore, we obtain:
Theorem 2. For all subgroups S ≤ GL(3, q) the following integer linear programming yields lower bounds for the cardinality of arcs:
The crucial part for the computer search is the reduction obtained by the substitution of the matrix A by A S . Note that in [4] a similar approach with diophantine systems of linear equations was used.
New lower bounds
In the following we list the cyclic subgroups of linear automorphisms defining the arcs with improved size given in Table 2 .
All arcs were computed with Gurobi [11] as ILP solver. Since all arcs can easily reproduced within minutes using the proposed approach on an ordinary personal computer we only list the first five arcs in the appendix. We limited the maximum runtime by 300 seconds.
Field elements of the prime field F p are represented by integers 0 ≤ a < p where elements are added and multiplied modulo p.
In extension fields F p e the elements e−1 i=0 a i x i are given by the numbers e−1 i=0 a i p i where elements are added and multiplied modulo a given irreducible polynomial f (x) ∈ F p [x] of degree e. For the fields F 16 , F 25 , and F 27 we use the following polynomials:
In order to find the cyclic groups to be prescribed as groups of linear automorphisms we randomly chose invertible 3 × 3 matrices. Furthermore, for q = 11, 13, and 17 we considered representatives of conjugacy classes of elements of GL(3, q).
Here are the prescribed cyclic groups: m 11 (2, 17) ≥ 167 runtime: 11 sec [2] S. Ball, Three-dimensional linear codes, online table, http://mat-web.upc.edu/people/simeon.michael.ball/codebounds.html. [4] M. Braun, A. Kohnert and A. Wassermann, Construction of (n, r)-arcs in PG(2, q), Innov. Incid. Geometry, 1 (2005), 133-141.
[5] B. Csajbók and T. Héger, Double blocking sets of size 3q − 1 in PG(2, q), arXiv:1805.01267.
[6] R. (1, 9, 15), (1, 8, 12) , (1, 6, 5), (1, 1, 1), (1, 7, 10), (1, 7, 4), (1, 12, 4), (1, 1, 2), (1, 2, 6), (1, 6, 13), (1, 10, 10), (1, 1, 4), (1, 3, 0) , (1, 4, 14) , (1, 7, 2), (1, 1, 11), (1, 12, 14) , (1, 14, 9) , (1, 14, 15) , (1, 1, 13), (1, 10, 9), (1, 12, 10), (1, 3, 14) , (1, 1, 15), (1, 15, 13), (1, 10, 11), (1, 5, 8) , (1, 1, 16), (1, 14, 2), (1, 9, 3), (1, 8, 16) , (1, 2, 2), (1, 15, 15) , (1, 14, 8) , (1, 3, 9) , (1, 2, 4), (1, 16, 2), (1, 12, 9), (1, 7, 6), (1, 2, 9), (1, 11, 16) , (1, 7, 3) , (1, 4, 4), (1, 2, 10), (1, 5, 9) , (1, 6, 12) , (1, 14, 5), (1, 2, 11), (1, 7, 0), (1, 5, 4) , (1, 5, 16) , (1, 2, 12) , (1, 4, 5) , (1, 4, 13) , (1, 10, 8) , (1, 2, 14) , (1, 3, 15) , (1, 16, 1), (1, 9, 1), (1, 8, 14) , (1, 3, 16) , (1, 9, 10), (1, 8, 10) , (1, 11, 11) , (1, 4, 0), (1, 14, 16) , (1, 15, 14) , (1, 11, 6) , (1, 4, 6) , (1, 5, 15) , (1, 9, 0), (1, 8, 8) , (1, 4, 8) , (1, 6, 0), (1, 7, 1), (1, 14, 4), (1, 4, 9), (1, 16, 3) , (1, 6, 10) , (1, 6, 15) , (1, 4, 16) , (1, 12, 12) , (1, 16, 5) , (1, 16, 14) , (1, 5, 1), (1, 11, 9), (1, 5, 12), (1, 12, 5), (1, 11, 15) , (1, 6, 2), (1, 5, 14) , (1, 15, 10) , (1, 9, 16), (1, 8, 15) , (1, 6, 4), (1, 11, 13), (1, 10, 6), (1, 7, 11) , (1, 6, 8) , (1, 12, 16) , (1, 7, 7), (1, 11, 4) , (1, 15, 11), (1, 16, 15) , (1, 8, 2) , (1, 16, 0), (1, 11, 12) , (1, 9, 5), (1, 8, 5) , (1, 9, 12), (1, 10, 0), (1, 15, 6) , (1, 12, 1), (1, 12, 13), (1, 10, 2), (1, 14, 13). 
